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Abstract: Recently it has been shown that the heuristic Rosenfeld functional derives
from the virial expansion for particles which overlap in one center. Here, we general-
ize this approach to any number of intersections. Starting from the virial expansion in
Ree-Hoover diagrams, it is shown in the first part that each intersection pattern defines
exactly one infinite class of diagrams. Determining their automorphism groups, we sum
over all its elements and derive a generic functional. The second part proves that this
functional factorizes into a convolute of integral kernels for each intersection center.
We derive this kernel for N dimensional particles in the N dimensional, flat Euclidean
space. The third part focuses on three dimensions and determines the functionals for
up to four intersection centers, comparing the leading order to Rosenfeld’s result. We
close by proving a generalized form of the Blaschke, Santalo, Chern equation of integral
geometry.
Key words. integral geometry, Ree-Hoover diagram, Rosenfeld functional, fundamen-
tal measure theory
1. Introduction
Density functional theory (DFT) is a cornerstone of many-particle physics [5,6]. But
as of today, no systematic derivation for its functionals is known, neither in quantum
nor in classical mechanics, turning its construction into a skill guided by symmetry
considerations and perturbation theory. In the following, we will show that classical
hard particles provide an exception to this rule.
Generally, a first approximation in the theory of inhomogeneous fluids is the split-
ting of the interaction potential into a soft contribution and an infinitely repulsive part,
defining the particle’s geometry and dominating the high density phase of soft mat-
ter [22]. Because of its singular potential, the hard-particle reference state cannot be
treated perturbatively. Therefore, it was an important result, when Rosenfeld presented
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a hard-sphere functional based on three observations: the decoupling of the Mayer func-
tion into a convolute of single-particle weight functions, the scaled-particle differential
equation, and the overall scaling property of the free energy [30,31,32,34].
Tarazona later showed the inconsistency of this first functional under restriction of
the volume to layers, tubes, and single-particle caverns [44,45]. But by adding further
terms and two adjusted coefficients, the improved functional accurately described the
phase diagram of mono-sized hard spheres. Following this strategy, more functionals
have been proposed [38,9,41,40] and successfully applied to several systems display-
ing nematic and crystalline phases [42,1,35,36,7,8,18,21,20]. Nevertheless, predic-
tions of mixtures and systems of more complex geometries still remain limited to low
densities.
Despite its success for spheres, the dependence of the fundamental measure theory
(FMT) on the scaled particle equation, necessary for the non-perturbative map between
low and high density, reduces the approach to a heuristic framework not extendable to
higher order corrections. A first attempt to generalize the approach to further geometries
than spheres has been taken by Wertheim, relating Rosenfeld’s splitting of the Mayer
function to the Gauss-Bonnet equation [47,48,49]. By calculating the third virial coef-
ficient for ellipsoidal particles, he demonstrated the excellent agreement with numerical
results, thus showing that the ’lost cases’ of the Rosenfeld functional are a consequence
of the single intersection center approximation [50].
Subsequently, the occurrence of the Gauss-Bonnet equation has been explained to
be a consequence of the Blaschke, Santalo, Chern equation of integral geometry, whose
generalization to arbitrary numbers of particles reproduces the weight densities entering
in Rosenfeld’s functional [17]. In combination with the virial expansion in Mayer dia-
grams, it also explained the polynomial structure of the functional and thus eliminated
the dependence on the empirical scaled particle theory. It also showed that FMT actually
defines an expansion of the exact functional in the number, or network, of intersection
centers.
The current article completes this investigation. Starting with Sec. 2, it is shown that
each intersecting network corresponds to a specific class of Ree-Hoover diagrams. Sum-
ming over all graphs of a class and determining their combinatorial prefactors, yields
a generic functional, whose integrant factorizes into a convolute of integral kernels,
one for each intersection center. The explicit form of this kernel is derived in Sec. 3,
generalizing the Blaschke, Santalo, Chern equation in App. A. We close by presenting
examples in Sec. 4.
2. The Virial Expansion
The decoupling of the Mayer function of hard particles into a convolute of 1-particle
weight function dictates the further structure of the FMT functional which is indepen-
dent of geometry and dimensions. This is discussed in Sec. 2.1 and motivates a change
from particle to intersection coordinates. In Sec. 2.2 it is shown that this transformation
requires a similar change of the virial expansion from Mayer to Ree-Hoover diagrams.
2.1. FMT as an expansion in intersection centers. Let us consider a set of i = 1, . . . ,N
particles Σi imbedded into the finite subset V of the flat, Euclidean space Di : Σi ↪→V ⊂
Rn. In the thermodynamic limit N,V → ∞, the particle density ρ = N/V is kept con-
stant, while the free energy F(N,V,T ) at temperature T becomes the function F(ρ,T ).
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For more than one type of particle, the free energy generalizes correspondingly to
F({ρk},T ) for a mixture of k = 1, . . . ,M compounds.
Following Hohenberg, Kohn, and Mermin, the thermodynamic equilibrium is de-
fined as the minimum of the positive definite grand-canonical free energy Ω([{µk}],T ),
a functional of the chemical potentials µk and the temperature T
Ω([{µk}],T )≥Ω([{µ(0)k }],T )≥ 0 , (1)
where µ(0)k indicates the chemical potential at equilibrium state [22]. Taking into ac-
count possible external potentials φk(r) at r ∈ Rn, the grand-canonical potential is re-
lated to the free-energy functional by the Legendre transformation in the local 1-particle
densities ρk(r):
Ω([{ρk}],T ) = F([{ρk}],T )+
M
∑
k=1
∫
ρk(r)(φk(r)−µk)dγ , (2)
where we introduced the abbreviation
Γ (D) := {γ = (r,ω) | r ∈ D,ω ∈ SO(n)}
dγi = dnri d
1
2 n(n−1)ωi
(3)
for the differential volume element of the Euclidean group En = RnnSO(n).
However, the fundamental problem of the DFT approach is that, although the
Hohenberg-Kohn theorem assures an almost unique relationship between interaction
potential and free energy, it provides no hint for its derivation. It was therefore surpris-
ing, when the Rosenfeld functional could be derived from the virial expansion alone
[17].
Substituting the Boltzmann function ei j by Mayer’s f-function fi j = ei j − 1 in the
configuration integral and expanding the product in a series of cluster integrals, yields
the virial representation of the free energy:
F = Fid+Fex = kBT
M
∑
k=1
∫
ρk(r)(ln(ρk(r)Λ nk )−1)dγ
+ kBTV
∞
∑
n=2
M
∑
k1,...,kn=1
∫ 1
n
Bn(Γn)ρk1(r1) . . .ρkn(rn)dγ1 . . .dγn ,
(4)
with the “thermal wavelength”Λk of the kinetic part Fid. The excess energy Fex is an in-
finite sum over virial integrals, depending on particle densities and sums over products
of f-functions Bn(Γn), with the Mayer clusters (also called diagram or graph) Γn repre-
senting an unordered sum over all labeled, 2-connected star-diagrams Γn,k with n ≥ 2
nodes and counting index k:
Γn =∑
k
Γn,k . (5)
The number of graphs is a rapidly increasing function of n, whose asymptotic de-
pendence for unlabeled diagrams has been estimated by Riddell and Uhlenbeck to be
2n(n−1)/2/n! [46,29]. This divergence of cluster integrals and the difficulties of their
evaluation are the principal reasons why the virial approach is mostly limited to the
gaseous state.
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In order to go beyond the low-density limit, several alternative approaches have been
developed. An early attempt has been taken by Reis, Frisch, and Lebowitz, resulting in
the development of the scaled particle theory for hard spheres [28]. This approach is
based on a heuristic but non-perturbative relation between the low- and high-density
limit of the free energy and an analytic solution for the second virial integral [12,15,
14]. Later on, this ansatz has been extended to convex particles based on results from
Ishihara and Kihara, who derived B2 in terms of Minkowski measures [23] and de-
veloped further by Rosenfeld into a local formulation in weight functions, suitable for
density functionals [32]. However, the equivalence between the volume form of the
Minkowski sum of domains and their respective intersection probability is strictly re-
stricted to convex surfaces and limited to two particles. It, therefore, does not generalize
to higher order virial clusters.
Starting from the f-function of hard particles, which is a negative step-function van-
ishing for non-intersecting domains Di,D j:
fi j =
{
−1 if Di∩D j 6= 0
0 else
(6)
Rosenfeld observed that its Fourier transformed integrand factorizes into 1-particle con-
tributions. Transforming back, the Mayer function can be written as the sum over a
convolute of distribution and tensor valued 1-particle weight functions:
fi j(ri− r j) =−
∫
CAiA j wiAi(ri− ra)w
j
A j
(r j− ra)dγa , (7)
with the constant and symmetric coefficient matrix CAiA j depending on the dimension
of the imbedding space but otherwise independent of the particles’ geometry. The trans-
formation introduces the intersection coordinate ra ∈ Di∩D j as a new variable relative
to the particle positions and orientations ri ∈Di. Here and in the following, we will omit
the orientational dependence for the sake of clarity.
Rosenfeld’s weight functions wiA are the local counterparts to the Minkowski mea-
sures of integral geometry [39,43]. In 3 dimensions they depend on the normal vector
nˆ, Gaussian curvature κG, mean curvature κ¯ , curvature difference ∆ , surface σ , and the
volume v:
wG(ri− ra) = 14pi κGδ (nˆra) , wκL(ri− ra) =
1
4pi
κ¯ nˆ⊗Lδ (nˆra) ,
w∆L(ri− ra) = 14pi ∆ nˆ
⊗Lδ (nˆra) , wσL(ri− ra) = nˆ⊗Lδ (nˆra) ,
wv(ri− ra) =Θ(nˆra) ,
(8)
where the L-fold tensor product of the normal vector nˆ⊗L follows from a Taylor ex-
pansion of trigonometric functions, while the theta- and delta-functions restrict the in-
tegration to the volume, respective particle surface, as introduced in the appendix of
[17].
Because the splitting (7) had originally been derived for spherical particles, its gen-
eral dependence on ∆ and the infinite set of tensor-valued weight functions had been
obtained only later by Wertheim [47,48,49] and, independently by Mecke et al [7],
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using the connection between (7) and the Gauss-Bonnet identity [33]. Wertheim also
introduced the notion of n-point density functions [47,48]:
nA1...An(ra1 , . . . ,ran) =
M
∑
i=1
∫
wiA1(ri− ra1) . . .wiAn(ri− ran)ρi(ri)dγi (9)
in which any Mayer integral can be rewritten. Given the example of the third virial
integral
B3 =
1
6
∫
f12 f23 f31ρ1ρ2ρ3 dγ1dγ2dγ3
=−1
6
CA1A2CB2B3CC3C1
∫
nA1C1nA2B2nB3C3 dγadγbdγc ,
(10)
Mayer clusters transform from a representation in particle positions and orientations to
a corresponding representation in intersection coordinates γi→ γa.
Thus, instead of a virial expansion in increasing powers of 1-particle densities (4),
the expansion in n-point densities suggests an ordering by their number of intersection
centers [17]:
Fex = kBTV
∞
∑
n=1
∫
Φn(ra1 , . . . ,ran)dγa1 . . .dγan , (11)
whose leading order in 3 dimensions has the generic form:
Φ1(ra) =−nG ln(1−nv)+Cα1α2
nα1nα2
1−nv +Cα1α2α3
nα1nα2nα3
(1−nv)2 , (12)
where the volume dependence has been separated from the remaining densities α ∈
{κL,∆L,σL} and of which the Rosenfeld functional provides a first approximation
[45]:
Φ (R)1 (ra) =−nG ln(1−nv)+
nκ0nσ0−nκ1nσ1
1−nv
+
1
24pi
n3σ0−3nσ0n2σ1+ 92 (nσ1nσ2nσ1−n3σ2)
(1−nv)2 .
(13)
The first two parts of this polynomial in the free-volume 1−nv is uniquely determined
by the splitting of the second virial integral (7) and the scaled particle theory. The
form of the third part, however, is only constrained by the scaling degree of the free-
energy density. Several versions have therefore been proposed and tested, comparing its
structure to analytical results and computer data [37]. Its exact form will be determined
in Sec. 4.
2.2. Resummation of Ree-Hoover Diagrams. The expansion of the free-energy func-
tional in intersection centers (11) is not well represented by Mayer diagrams. As can be
seen from Fig. 1a), any intersection network of the ring diagram Γ4,1 is also found in
Γ4,2 and Γ4,3, thus contributing to Φ1, Φ3, and Φ4. This redundancy, which can be found
for any diagram of identical number of nodes, explains an observation made by Ree
and Hoover in their numerical investigations of Mayer integrals for spheres [24,26,25].
Ordering the n-particle virial integrals by their signs into positive and negative contri-
butions Bn = B+n −B−n , their individual parts are of comparable size B+n ' B−n , but much
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Fig. 1. The fourth virial diagrams in Mayer Γ4 and Ree-Hoover Γ˜4 representation: a) The slow convergence of
the virial expansion is partly explained by identical intersection patterns in Mayer diagrams of equal order. b)
Ree-Hoover diagrams resolve this problem. With the additional Boltzmann functions, the allowed intersection
of particles are constrained. Additionally, the symmetry factors of many diagrams vanish, thus reducing the
overall number of integrals entering the virial expansion.
larger than Bn itself, often by two orders of magnitude [24]. Thus, in order to reduce
the number of redundant intersection patterns, they inserted the identity 1 = ei j − fi j
for any pair of nodes i, j not bonded by an f-function. The resulting Ree-Hoover (RH)
diagrams are completely connected graphs of f- and e-bonds, as shown in Fig. 1b). The
type of allowed intersections is therefore constrained and comes close to the graphical
interpretation of FMT functionals as intersection networks. In the following, we will
show that this representation not only significantly simplifies our previous derivation,
but also allows the systematic generalization of the approximate free-energy functional
to higher orders.
The previous analysis of the Rosenfeld functional started from the observation that
its dependence on a single intersection center can only be related to diagrams which al-
low the particles to intersect in a common point. While this involves all Mayer clusters,
it selects the subclass of RH-graphs without e-bonds. It therefore establishes a one-to-
one relation between its elements of the virial series and the exclusively f-bonded RH-
clusters, with their integration domains restricted to a single intersection center. This
relation can now be used as a guideline for the construction of higher order functionals,
summarized in four steps: 1. choose an intersection network and find the corresponding
class of RH-diagrams, 2. determine their symmetry factors and 3. intersection proba-
bilities, and 4. sum over all elements of the class. In the remaining part of the current
section, we will focus on the first two subtopics, saving the last two items to Sec.3.
For the two classes of Mayer and RH-diagrams, we introduce the following conven-
tions:
Definition 1 Let Γn,k denote a labeled, 2-path connected Mayer diagram (star-graph)
of n nodes and |Γn,k| f-bonds. Two Mayer graphs are subgraphs Γn,k ⊆Γn,k′ if they agree
after removing a finite number of f-bonds from Γn,k′ .
A node can be removed by deleting its vertex with all its bonds pi−1 : Γn,k →
{Γn−1,k′ ,Γ An−1,t}, resulting in a residual diagram which is either a new star-graph Γn−1,k′
or a linear chain with articulation points Γ An−1,t .
Definition 2 Let Γ˜n,k be a RH-diagram with n nodes and |Γ˜n,k| f-bonds.
A node, which is only linked by f-bonds, can be removed from a diagram by deleting
its vertex and all its bonds, leaving either a new or the trivial RH-graph pi−1 : Γ˜n,k →
{Γ˜n−1,k′ ,0}.
Two RH-graphs are subgraphs Γ˜n−m,k′ ⊆ Γ˜n,k if they are related by pi−m = (pi−1)m.
Definition 3 Mayer- and RH-graphs are subgraphs, Γn,k ⊆ Γ˜n,k′ , Γ˜n,k ⊆ Γn,k′ , if they
agree after removing a finite number of f-bonds and deleting all e-bonds.
Because the application of pi−1 on a RH-graph maps to exactly one element, its
inverse operation pi : Γ˜n−1,k → Γ˜n,k′ can be defined for Γ˜n−1,k 6= 0, which adds a further
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Fig. 2. Two RH-diagrams and their corresponding representations as intersection networks. a) The particles
of the fully f-bonded graph Γ˜4,3 generically intersect in six domains, which can be successively contracted
down to one. b) The graph Γ˜3,1 of the third virial cluster has three intersection centers, which can be shifted
together into one domain.
node to the graph, linked by f-bonds to all n− 1 nodes. Thus, each RH-diagram is an
element of exactly one class
Λ˜n0,k =
∞⋃
m=0
pim(Γ˜n0,k) , (14)
with the lowest subgraph Γ˜n0,k′ ⊆ Γ˜n,k uniquely defined by pi−1(Γ˜n0,k′) = 0. One exam-
ple has already occurred in the discussion of the Rosenfeld functional. Starting from
the single node diagram Γ˜1,1, each of the exclusively f-bonded diagrams is then an ele-
ment of Λ˜1,1. An important property of a class of RH-diagrams is that their intersection
networks can be chosen to coincide:
Lemma 1 The intersection network of the class Λ˜n0,k is defined by its lowest subgraph.
This is readily seen using a graphical argument. As can be seen from Fig. 1 and
Fig. 2, for a given diagram Γ˜n,k there are two types of nodes, those exclusively linked by
f-bonds and those belonging to the lowest subdiagram, or “backbone”, Γ˜n0,k′ . Choose
a specific intersection network for this subgraph. Any further particle can then be at-
tached to this network by overlapping it with all of the previous intersection centers,
thus keeping the number of centers unchanged.
Focusing again on the Rosenfeld functional, the first element of the class Λ˜1,1 with a
non-trivial intersection center is Γ˜2,1. Thus all RH-graphs with the second virial diagram
as its subgraph can be reduced to an intersecting network whose particles overlap in
exactly one center. However, one might also choose Γ˜3,1 as the leading element. Then,
the sum over all RH-integrals of the class Λ˜3,1, contracted to three intersection centers,
yields Φ3. Thus, once a lowest subgraph and its intersection pattern has been selected,
its functional is uniquely fixed by its corresponding class. This solves the first of the
previously stated four problems.
As the representation of the functional has been shifted from Mayer- to RH-
diagrams, it is also necessary to rewrite the functional itself (4) in this new basis. This
transformation has already been shown by Ree and Hoover to be a linear combination,
weighted by the sign of f-numbers [25,13]:
Γ˜n,k =
Γ˜n,k⊆Γn,k′
∑
k′
Γn,k′ , Γn,k =
Γn,k⊆Γ˜n,k′
∑
k′
(−1)|Γn,k|−|Γ˜n,k′ | Γ˜n,k′ . (15)
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When inserted into the sum of Mayer clusters of n vertices (5), the summation order
can be exchanged
Γn =∑
k′
Γn,k′ =∑
k′
Γn,k′⊆Γ˜n,k
∑
k
(−1)|Γn,k′ |−|Γ˜n,k| Γ˜n,k =∑
k
an,k Γ˜n,k , (16)
leading to the “star-content” of a RH-graph [25]:
an,k =
Γn,k′⊆Γ˜n,k
∑
k′
(−1)|Γn,k′ |−|Γ˜n,k| . (17)
An important property of the star-content, proven by Ree and Hoover, is its recursion
relation under removal of an exclusively f-bonded vertex point [25]. When the operator
pi−1 from Def. 1 is applied to Γn, the sum separates into star-diagrams Γn−1,k′ and 1-
path connected graphs with articulation points Γ An−1,t , each weighted by their sign of
f-numbers in order to avoid overcounting of contributions:
pi−1(Γn) =∑
k
Γn−1,k′⊂Γn,k
∑
k′
(−1)|Γn,k|−|Γn−1,k′ |Γn−1,k′
+∑
k
Γ An−1,t⊂Γn,k
∑
t
(−1)|Γn,k|−|Γ An−1,t |Γ An−1,t .
(18)
Focusing on the first part, the order of summation can be exchanged, resulting in
a sum over those Γn,k-graphs, which lead to the same Γn−1,k′ diagram after remov-
ing a node. If this node is linked by m bonds, these bonds can be distributed in
(n−1)!/(m!(n−m)!) ways among the residual n−1 vertex points, each weighted by a
sign-factor of (−1)m. The first sum therefore simplifies to:
∑
k′
Γn,k⊃Γn−1,k′
∑
k
(−1)|Γn,k|−|Γn−1,k′ |Γn−1,k′ =∑
k′
n−1
∑
m=2
(
n−1
m
)
(−1)mΓn−1,k′
= (n−2)Γn−1 .
(19)
The second part is a sum over Γn,k and its 1-path connected subgraphs Γ An−1,t . Again,
the order of summation can be exchanged, resulting in a weighted sum over all permuta-
tions of 0≤m≤ n−1 bonds linked to the residual n−1 nodes. In order to perform this
sum, observe that a 1-path connected diagram is a linear chain of star-graphs, connected
by articulation points, here indicated by ′∗′:
Γ An−1,t = Γn1,k1 ∗Γn2,k2 ∗ . . .∗Γnp,kp , (20)
with n−1 = n1+n2+ . . .+np nodes. Any partition of m bonds between the vertex Pn,
which is to be removed from Γ˜n,k, and the non-articulation points can now be compen-
sated by a copy of this same diagram with an additional bond between Pn and one of
the articulation points. Having the same subgraph but differing by one f-bond, the two
diagrams cancel each other in Eq. (18). The sum therefore decouples into the partition
of bonds on non-articulation vertices and articulation ones. The flanking graphs Γn1,k1 ,
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Γnp,kp are each joined by one articulation point, while the center ones carry two. Their
individual contributions to the weighted sum are therefore
ni−2
∑
m=0
(
ni−2
m
)
(−1)m = 0 ,
ni−1
∑
m=1
(
ni−1
m
)
(−1)m =−1 (21)
yielding an overall factor of (−1)2 = 1 and leaving a sum over all permutations of bonds
between the articulation points and Pn:
∑
t
Γn,k⊃Γn−1,t
∑
k
(−1)|Γn,k|−|Γn−1,t |Γn−1,t =∑
k
p−1
∑
m=0
(
p−1
m
)
(−1)mΓn−1,t = 0 . (22)
Combining the two results (19), (22), the total sum of (18) reduces to the recursion
relation of Ree and Hoover [25]:
pi−1(Γn) = (n−2)Γn−1 . (23)
An analogous relation can be derived for RH-diagrams, inserting the recursion rela-
tion into (16) and observing that pi−1 removes n−1 f-bonds from a RH-diagram Γ˜n,k:
pi−1(Γn) =∑
k
pi−1(an,k Γ˜n,k) = (−1)n−1∑
k
an,k Γ˜n−1,k
= (n−2)Γn−1 = (n−2)∑
k′
an−1,k′ Γ˜n−1,k′ .
(24)
Comparing terms, the resulting recursion relation is again independent of k:
an,k = (−1)n−1(n−2)an−1,k′ (25)
and by repeated application yields the star-content [25]:
an,k = (−1)(
n
2)−(m2) (n−2)!
(m−2)! am,k′ . (26)
Thus, once it has been calculated for the lowest diagram of a class Λ˜n0,k, the coefficients
for all further graphs are known.
So far, we have focused on labeled graphs, ignoring that the physical particles in the
partition function are indistinguishable. Transferring to unlabeled RH-diagrams there-
fore introduces an additional sum over all inequivalent permutations of the labels on
the vertex points. For its derivation the e-bonds can be ignored, as they do not change
the graph’s symmetry, yielding the “symmetry factor” σn,k already known from Mayer
clusters. In combination with the star-content, we define the combinatorial prefactor of
the virial clusters in RH-graphs:
σ˜n,k =− 1n!σn,k an,k , (27)
where the additional factor 1/n! has been inserted for later convenience. The last step in
proving the resummability of cluster integrals for a given class Λ˜n0,k therefore requires
the derivation of a recursion relation for σn,k.
The symmetry factor counts the number of inequivalent labelings of a RH- or Mayer
graph Γn,k under the permutation group Sn. Its group elements operate on the product of
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f-functions, which define a representation space by λ : Γn,k → prod( fi j) and are sym-
metric under exchange of positions and indices:
γ := { fi j = f ji, fi j fkl = fkl fi j} , γ λ (Γn,k) = λ (Γn,k) . (28)
The group of equivalent labelings is then the automorphism group of its diagram and a
subset of the symmetric group Sn
Aut(Γn,k) = {g ∈ Sn | gλ (Γn,k) = γ λ (Γn,k)} (29)
subject to the invariance relation γ−1 ◦ g = id. Correspondingly, the set of inequiva-
lent labelings is generated by the coset Sn/Aut(Γn,k), whose number of elements is the
symmetry factor of the graph
σn,k =
|Sn|
|Aut(Γn,k)| . (30)
An extensive list of Mayer diagrams and their automorphism groups has been tabulated
by Uhlenbeck and Riddell [46,29].
In generally, determining the automorphism group of a given graph is non-trivial.
However, if it is known for the lowest element of a class Λ˜n0,k, the groups of all further
diagrams are known:
Lemma 2 Let Γ˜n,k ∈ Λ˜n0,k with lowest element Γ˜n0,k. Its automorphism group then fac-
torizes into the direct product:
Aut(Γ˜n,k) = Sn−n0 ×Aut(Γ˜n0,k) . (31)
The proof is as follows: Because Γ˜n0,k is the lowest element of the class, pi
−1Γ˜n0,k = 0,
each vertex is connected to at least one e-bond, whereas the remaining n−n0 nodes are
only linked by f-bonds. Shifting an f-bonded label to a vertex with an e-bond would
therefore result in an inequivalently labeled diagram. Thus, f-bonded nodes can only be
permuted under themselves by Sn−n0 , completing the proof.
With the recursion relation for the star content (26) and the dimension of the auto-
morphism group
|Aut(Γ˜n,k)|= (n−n0)! |Aut(Γ˜n0,k)| , (32)
the RH-diagrams of a given class have the symmetry factor:
Lemma 3 Let Γ˜n,k be an element of the class Λ˜n0,k of RH-graphs with lowest element
Γ˜n0,k. Its symmetry factor is:
σ˜n,k =−(−1)(
n
2)−(n02 )
(
n−2
n0−2
)
an0,k
|Aut(Γ˜n0,k)|
: n0 ≥ 3
σ˜n,k = (−1)(
n
2)
1
n(n−1) : n0 = 1
(33)
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The case n0≥ 3 follows from the previous calculations. But n0 = 1 and n0 = 2 have to be
considered separately, because the recursion relation (26) only applies to n0 ≥ 2, while
(31) requires Γ˜n0,k to be the lowest element of the class. Observing that Γ˜1,1 = pi
−1(Γ˜2,1)
and a2,1 = a1,1 = 1 closes the proof.
It is instructive to derive the symmetry factors for the diagrams of Fig. 1. Γ˜4,3 is a
fully f-bonded graph and therefore belongs to Λ˜1,1, already covered by (33). The next
diagram Γ˜4,2 has star-content a4,2(|) = 0. Thus, all graphs with a single e-bond drop
out of the virial series σ˜n(|) = 0. Actually, the same applies to roughly half of the RH-
diagrams, improving the convergence of the virial expansion. The final example Γ˜4,1
has two separate e-bonds, star-content a4,1(||) = 1, and cyclic permutation symmetry
Aut(Γ˜4,1) = Z4×Z2. The prefactors of all related graphs are therefore
σ˜n(||) = (−1)(
n
2)
1
16
(n−2)(n−3) . (34)
Eq. (33) solves the second of the four problems stated at the beginning of this section
and also holds the solution to the fourth one. As has been shown before in 3 dimensions
[16], the intersection probability of a network of overlapping particles decouples into a
convolute of curvature forms Kn(ra) for each intersection center with n particles. This
observation is sufficient to write down a generic functional for a given intersection
network and RH-class:
Theorem 1 Let Γ˜n0,k be the lowest element of the class Λ˜n0,k. The free-energy functional
density of a network with p≥ 1 intersection centers is then determined by
Φ1(Γ˜1,1|ra) = ∑
n≥2
1
n(n−1)
∫
Kn(ra,{γi})ρ(γ1) . . .ρ(γn)dγ1 . . .dγn (35)
for n0 = 1, while higher order functionals for n0 > 3, are derived by
Φp(Γ˜n0,k|ra1 , . . . ,rap) =−(−1)(
n0
2 )
an0,k
|Aut(Γ˜n0,k)|
∑
n≥n0
(
n−2
n0−2
)
×
∫
Kn1(ra1 ,{γi1}) . . .Knp(rap ,{γip})ρ(γ1) . . .ρ(γn)dγ1 . . .dγn
(36)
with the integral kernel Kn j(ra,{γi}) determining the intersection probability of n j par-
ticles which intersect in ra and with particle positions γi for i = 1, . . . ,n j.
The first half of the proof determines the numerical prefactor, combining the symmetry
factor of (33) and the sign of f-bonds (−1)|Γ˜n,k|, which is not accounted for by the
intersection forms. It partially cancels with the sign of σ˜n,k using
|Γ˜n,k|= |Γ˜n0,k|+
(
n
2
)
−
(
n0
2
)
, (37)
leaving a constant only depending on the lowest element of Λ˜n0,k and an n-dependent
binomial coefficient. The second half of the proof deals with the factorization of the
intersection probability into integral kernels, which will be the topic of the next section.
There it will also be shown, how to generalize the functionals to e-bonds and mixtures
of particles.
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3. Intersection Probability in N Dimensions
In this section we complete the proof of Theorem 1, determining the intersection prob-
ability for networks of overlapping particles. First, the basic ideas of integral geometry
are summarized, determining the intersection probability of clusters of particles with
one intersection center and then generalized to networks of clusters.
Integral geometry determines the intersection probability between manifolds under
translations and rotations with respect to their imbedding space. It has a long history
[39,43], but its modern representation has been founded by Blaschke and Santalo, and
further generalized by Chern to n dimensions using differential forms [2,3,4]. Chern
also explained the connection between the kinematic measure and the Euler form, de-
termining the Blaschke-Santalo-Chern equation for two intersecting manifolds [2,39].
Up to a sign, this result coincides with Rosenfeld’s decoupling of the second virial inte-
gral (7). Using this approach, we calculated the intersection probability for an arbitrary
set of particles overlapping in a common domain, rederiving the Rosenfeld functional
for 3 dimensions. This calculation will be simplified in the following and extended to
arbitrary dimension n.
For now, let Σk be a set of identical, n− 1 dimensional, smooth, orientable, com-
pact, boundary free, Riemannian manifolds with particle index k = 1, . . . ,N, imbedded
into Dk : Σk ↪→ Rn. For physical reasons we will further assume that the particles Dk
only have cavities that are accessible to all other particles. Each domain is then cov-
ered by coordinate patches with an orthonormal, positively oriented coordinate frame
(eˆ(k)1 , . . . , eˆ
(k)
n ) at each point p∈Dk, with the normal vector eˆ(k)n pointing into the outside
direction of the surface Σk = ∂Dk. Being a differential manifold, the geometry of Σ and
D are represented by vielbein and connection forms
θi = eˆid p , ωi j = eˆideˆ j for i, j = 1, . . . ,n , (38)
and the intrinsic forms of torsion and curvature
Ti = dθi−ωi j ∧θ j , Ωi j = dωi j−ωik ∧ωk j , (39)
with the torsion Ti = 0 vanishing for a Riemannian manifold. Here and in the follow-
ing we implicitly assume a sum over pairs of identical indices. Coordinate frames of
different patches are connected by gi j ∈ SO(n), transforming vectors e′i = gi j e j and
differential forms
θ ′i = gi jθ j , ω
′
i j = g
−1
ik ωklgl j +g
−1
ik dgk j , Ω
′
i j = g
−1
ik Ωklgl j . (40)
Each Riemannian manifold also defines a semisimple group [10], which for the
imbedding space Rn is the isometric or Euclidean group ISO(n) = SO(n)nRn. Its
Lie algebra iso(n) has a representation in the vielbein and connection forms generating
translations and rotations (
ωi j θi
−θ j 0
)
∈ iso(n) (41)
and whose volume form, or Haar measure, is the “kinematic measure”
K(Rn) =
∧
1≤i< j≤n
ωi j
∧
1≤i≤n
θi . (42)
An alternative interpretation uses the representation as a chain of cosets
SO(k)/SO(k−1) = Sk−1 , vol(Sk−1) = 2pik/2/Γ (k/2) , (43)
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which allows to rewrite products of connection forms into integral measures of spheres
dSk−1 = ω1,k ∧ . . .∧ωk−1,k . (44)
With a particle D imbedded, the vector space of Rn splits into the tangential TΣ and
normal space NΣ along with a similar decoupling of the rotation group into SO(n−1)
and the coset SO(n)/SO(n−1). The kinematic measure (42) separates correspondingly
into the three parts
K(∂D) =
n−1∧
α=1
ωα n
n∧
i=1
θi ∧ dvol(SO(n−1)) (45)
of the curvature (also Euler or highest Chern-Simons) form, the measure of translations,
and the volume form of SO(n−1).
This result readily generalizes to two and more overlapping domains which intersect
in at least a common point. Introducing the notation for identical particles
Σ k1 ∩Dk2 := Σ ∩ . . .∩Σ︸ ︷︷ ︸
k1-fold
∩D∩ . . .∩D︸ ︷︷ ︸
k2-fold
, (46)
the intersection Dm is again a n dimensional subset of Rn and therefore applies to the
reduced form of the kinematic measure (45). When inserted, K(∂Dm), the boundary of
the intersection domain can be expanded in the series
∂Dm =
k≤n
∑
1≤k≤m
(
m
k
)
Σ k ∩Dm−k , (47)
setting all terms Σ k of k ≥ n+ 1 to zero. This restriction of the sum is a useful conse-
quence of the following rules of K:
Lemma 4 Let D be a domain in Rn with hypersurface Σ . The kinematic measure K of
intersecting manifolds then has the properties:
K(a1Σ1+a2Σ2) = a1K(Σ1)+a2K(Σ2) (48)
K(Σ k1 ∩Dk2) = K(Σ k1)∧K(D)k2 (49)
K(Σ1∩Σ2) = K(Σ2∩Σ1) (50)
K(Σ k) = 0 for k ≥ n+1 (51)
for Σ1∩Σ2 = 0 and the constants a1,a2 ∈ N:
The proof is as follows: By construction, the differential form (42) is a locally defined
probability measure, which decouples for Σ1∩Σ2 = 0, thus showing (48). The second
identity follows from the observation that the kinematic measure of a point pt∈Rn mov-
ing in the domain D is trivial K(pt∩D) = K(D). Setting pt ∈ Σ k1 ∩Dk2−1 then proves
(49) by iteration. While the local measure and set theoretic relation Σ1∩Σ2 = Σ2∩Σ1
explains (50). The last equation (51), which justifies the finite sum (47), implies that
the intersection probability between a point pt ∈ Σ n and a hypersurface Σ is of measure
zero. This follows from K being defined on the tangential space of Σ k, spanned by the
normal and tangential vectors (eˆ1, . . . , eˆn−k, eˆ
(1)
n , . . . , eˆ
(k)
n ), proving that the coordinate
basis is not defined for k ≥ n+1 and therefore vanishes for dimensional reasons.
14 Stephan Korden
Applying these rules to the boundary of intersections (47), yields the sum
K(∂Dm) =
k≤n
∑
1≤k≤m
(
m
k
)
K(Σ k)∧K(D)m−k , (52)
with K(D) and the curvature forms K(Σ k) decoupled. For m = 1 this reproduces (45).
But to derive the remaining differential forms we need an explicit representation of the
orthonormal and positively oriented vector field at Σ k. For simplicity, let us define a
fixed ordering of surfaces Σ1∩ . . .∩Σk. The vector
(eˆ1, . . . , eˆn−k, eˆ
(1)
n , . . . , eˆ
(k)
n ) ∈ T Dk (53)
then defines a coordinate frame at the intersection, spanned by the k outward point-
ing normal vectors and the n− k tangential directions which can be chosen by (40) to
coincide with all surfaces. However, this frame is neither orthonormal nor positively
orientated.
The Gram-Schmidt transformation turns this vector frame into an orthonormal basis
vA =
{
Babe
(b)
n for a,b = 1, . . . ,k
eα for α = 1, . . . ,n− k
(54)
whose upper triangular matrix Bab ∈ Gl(k,R) combines into the general coordinate
mapping:
BAB =
(
Bab 0
0 1αβ
)
. (55)
The coordinate frames of individual surfaces are now related by a rotation of the normal
vectors
ηA =
{
Gabvb for a,b = 1, . . . ,k
vα for α = 1, . . . ,n− k (56)
generated by Gab ∈ SO(k,R) and extended to the matrix representation
GAB =
(
Gab 0
0 1αβ
)
. (57)
Combining both transformations, the connection forms ηAB = ηAdηB at an intersection
point can be written in the basis of the tangential ωαβ and normal directions ω
(a)
βn of the
coordinate frames of Σa keeping the normal vector de
(a)
n = 0 constant
ηAB =

ηab = G−1ac dGcb
ηaβ = Gab Bbcω
(c)
βn
ηαβ = ωαβ
. (58)
The curvature form, which generalizes (45) to the intersection space Σ k, is the prod-
uct of connection forms with one axial direction fixed. Let us choose ηk as the new
normal vector, leaving Gak to be an element of the coset space SO(k)/SO(k−1) = Sk−1
n−k∧
β=1
ηβk
k−1∧
a=1
ηak = (
n−k∧
β=1
GkaBabω
(b)
βn )(
k−1∧
a=1
G−1ab dGbk)
= Pf n−k1,...,k(GBω)∧dvolG(Sk−1) ,
(59)
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introducing the notation Pf n−k1,...,k for the Pfaffian of an n− k-form of the ordered set of
surfaces Σ1∩ . . .∩Σk.
In the derivation of (59) we ignored the orientation of the coordinate frame of TΣ k
which is not fixed by the Gram-Schmidt process. However, changing the orientation,
e.g. by permuting the order of the particles in (54), changes the sign of (59) by (−1)n−1.
For n odd, this poses no problem. For n even, however, the orientation of the vector
frame is relevant and has to be chosen positively orientated to ensure a positive surface
form. This uniquely defines the intersection form Km introduces in Theorem 1:
Theorem 2 Let Di1 ∩ . . .∩Dim be a set of n-dimensional domains overlapping in the
common intersection point ra ∈Dm and assigned with a positively orientated coordinate
frame. Denote by |Sk−1| the volume of the Sk−1 sphere and by Θ(D) the step function
confining the integral measure to the volume of D. Then, the integral kernel of the
functionals (35) and (36) has the form:
Ki1...im(ra,{γi}) =
1
|Sn−1|
k≤n
∑
1≤k≤m
(
m
k
)∫
G∈Sk−1
Pf(GBω)n−ki1...ik ∧dvolG(Sk−1)
×Θ(Dik+1) . . .Θ(Dim) ,
(60)
with an integration over the inner area of the Euler sphere Sk−1.
This result follows from inserting the curvature form (59) into the kinematic mea-
sure (52) and observing that the vectors ra are already determined by the coordinates
{γi} of the 1-particle densities. The integration over γi therefore shifts part of the kine-
matic measure into the definition of the functionals (35) and (36) and leaves the integral
kernel with the step functions Θ(D) and the differential form Pf(GBω)n−k. Finally,
the normalization |Sn−1| has been added to compensate the volume form introduced by
(59).
The curvature form (60) defines the integral kernel for one intersection center. To
generalize this result to arbitrary networks of overlapping particles, let us introduce the
following notation:
Definition 4 Networks of intersecting particle domains are represented by products
of γ i1...ima for each intersection center ra ∈ Di1 ∩ . . .∩Dim of the intersecting domains
Di1 , . . . ,Dim .
When applied to the third virial cluster, shown in Fig. 2b), the generic diagram Γ3,1 is
an intersection network of pairwise overlapping domains, which can be successively
contracted from three centers into networks of two and one
γ i1i2a γ
i2i3
b γ
i1i3
c → γ i1i2i3a γ i1i3c → γ i1i2i3a . (61)
While Γ4,3 has the generic network of six centers, with consecutive contraction into five
to one intersection domains, as shown in Fig. 2a)
γ i1i2a γ
i2i3
b γ
i3i1
c γ
i1i4
d γ
i2i4
e γ
i3i4
f → γ i1i2i4a γ i2i3b γ i3i1c γ i2i4e γ i3i4f → γ i1i2i4a γ i2i3i4b γ i3i1c γ i3i4f
→ γ i1i2i4a γ i2i3i4b γ i1i3i4c → γ i1i2i3i4a γ i1i3i4c → γ i1i2i3i4a .
(62)
This notation for intersection networks readily translates to the integral kernel:
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Lemma 5 Let γ ia and γ
j
b denote intersection clusters at centers ra and rb with particle
indices i = {i1, . . . , ip} and j = { j1, . . . , jq}. And let ek1k2 denote a Boltzmann function
with arbitrary particle indices k1,k2. Introducing the notation K(γ i1...ima ) = Ki1...im(ra)
for the intersection form K, the integral kernel for intersection networks is a linear and
multiplicative operator
K(γ ia+ γ
j
b) = Ki(ra)+K j(rb) (63)
K(γ iaγ
j
b) = Ki(ra)K j(rb) (64)
K(γ iaek1k2) = Ki(ra)ek1k2 . (65)
The first identity (63) is a generalization of (48), while the product structure (64) is
a consequence of the properties of f-bonds, whose intersection centers overlap inde-
pendently. Boltzmann functions, however, do not contribute to the curvature form, but
define constraints on the integration domain, justifying (65).
Less trivial, however, is the meaning of the indices. In γ i1...ipa , each index ik ∈ i points
to an individual domain Dik of the ik = 1, . . . ,N particles, while the same index in Ki1...ip
points to the compound ik = 1, . . . ,M represented by the 1-particle density ρik . This
change of meaning is a consequence of the thermodynamic limit introduced in Sec. 2.1
and corresponds to the substitution
Dk→
M
∑
ik=1
Dikρik . (66)
When inserted into the kinematic measure (52), the combinatorial prefactors remain
unchanged, while the differential forms are weighted by the density functions. Thus
each particle index has to be paired by a corresponding density function:
M
∑
i1,i2,i3=1
K(γ i1i2a γ
i2i3
b γ
i3i1
c )ρi1ρi2ρi3 . (67)
The generalization to mixtures completes the proof of Theorem 1. And together
with the integral kernel (60) and its algebraic structure, we have the necessary tools to
systematically derive the density functional for any given class of intersection diagrams.
However, to do so efficiently, let us introduce some further notation. First observe that
for any k, the curvature form (59) can be written as a volume form
Pf(GBω)n−ki1...ik = det(GBh)i1...ik
n−k∧
α=1
θα
=
∫
Rn
[J det(GBh)]i1...ikδ (Σi1) . . .δ (Σik)
n∧
i=1
θi ,
(68)
introducing the curvature matrix ωα,n = hαβθβ and the delta-function δ (Σ), which
projects the integration domain from Rn to the tangential space of the surface Σ . Corre-
spondingly, products of delta-functions project to the intersection space Σi1 ∩ . . .∩Σik
associated with the Jacobi determinant
Ji1...ik = det(eˆ1, . . . , eˆn−k, eˆ
(i1)
n , . . . , eˆ
(ik)
n ) . (69)
This transformation allows to factor out the overall volume form and to rewrite the
integral kernel (60) as the derivative of a generating function:
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Lemma 6 Define the weight functions for k = 1, . . . ,n intersecting surfaces
wi1...ikk =
1
|Sn−1|
∫
G∈Sk−1
[J det(GBh)]i1...ik dvolG(S
k−1)δ (Σi1) . . .δ (Σik) (70)
and the weight function for the domain
wi10 =Θ(Di1) . (71)
The integral kernel (60) of the intersection form is then the functional derivative of the
product of w0-weights:
K(γ i1...ima ) =Da w
i1
0 (rai1) . . .w
im
0 (raim) , (72)
with the derivative on the weight functions at intersection rai = ra− ri defined by
Da =
n
∑
k=1
∑
i1...ik
1
k!
wi1...ikk (rai1 , . . .raik)
δ k
δwi10 (rai1) . . .δw
ik
0 (raik)
, (73)
operating on two and more w0-weight functions.
The proof follows by differentiating the integral and significantly simplifies by intro-
ducing the extended Kronecker-delta and summation rule:
δ ji :=
δ
δwi0(rai)
w j0(ra j) , ∑
j
δ ji w
j
0(ra j) = w
i
0(rai) ,
δ
δwi0(rai)
w j0(rb j) = 0 for ra 6= rb .
(74)
Less trivial is the observation that the curvature form (68) and therefore the weight
functions are symmetric in the particle indices. This is a consequence of the coupled
coordinate system of TΣ k, which can be diagonalized using the SO(n− k)×SO(k) in-
variance of its vector basis. Its explicit calculation gives no further insight and therefore
is postponed to App. A.
The derivative (73), which is a consequence of (47), simplifies the construction of a
functional in two aspects: first, it hides the sum over the k= 1, . . . ,n differential forms in
the intersection kernel (60). Second, it leaves the volume weight wi0 as the only variable
in the sums of (35), (36). Thus, each functional is the derivative of a generating function
in the virial series of wi0. In combination with Theorem 1, this reveals that:
Lemma 7 The virial series of the free-energy functional for a finite number of inter-
section centers is convergent.
The proof is as follows: It is sufficient to show that the generating function is a conver-
gent series. If γ0 is the intersection diagram of the lowest element Γ˜n0,k with p intersec-
tion centers. Then, the integral kernel of any higher order element pimΓ˜n0,k decouples:∫
K(pimγ0)ρn0+m = (xa1...ap)
m
∫
K(γ0)ρn0 , (75)
with the density function defined by
xa1...ap =
∫
wi0(ra1i) . . .w
i
0(rapi)ρidγi . (76)
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When inserted into the functionals (35), (36), the sum simplifies to a polynomial in x
with singularities in x = 1 and x = 0. However, the virial series is finite in the low-
density limit and therefore x = 0 a regular point. This leaves x = 1 as the only singu-
larity. At thermodynamic equilibrium and with all intersection centers collapsed into
a single point, the packing fraction approaches η = 1, proving that the functional is
convergent for η < 1.
This final result proves the resummability of the approximate density functional and
solves the last of the four problems presented at the beginning of Sec. 2.2.
4. The Rosenfeld Functional and Beyond
This last section presents four examples, which provide some insight into the construc-
tion of functionals. We begin with the integral kernel for 3 dimensions and derive the
functional with one intersection center. It is then shown that Rosenfeld’s result is an
approximation for almost perpendicular normal vectors. The remaining examples then
focus on the functionals with two, three, and four intersection centers.
Starting point for the construction of any functional is the derivation of the integral
kernel. This has to be done once for any dimension and is independent of the particle
geometry or boundary conditions. For n = 3 dimensions, there exists three differential
forms:
The case k = 1 is elementary. With G = B = 1 and assuming a positively oriented
orthonormal coordinate frame, the Pfaffian reduces to the Euler form Pf2i1(GBω) =
ω(i1)13 ∧ω(i1)23 and a trivial integral over the S0-sphere∫
Pf2i1(GBω)∧dvol(S0) = ω
(i1)
13 ∧ω(i1)23 . (77)
For k = 2, the Gram-Schmidt scheme and SO(2) rotation have the matrix represen-
tation:
B =

1 0 0
−cos(φi1i2)
sin(φi1i2)
1
sin(φi1i2)
0
0 0 1
 , G =
 cos(α) sin(α) 0−sin(α) cos(α) 0
0 0 1

φi1i2 = arccos(eˆ
(i1)
3 eˆ
(i2)
3 ) , 0≤ α ≤ φi1i2 ≤ 2pi ,
(78)
depending on the intersection angle φi1i2 . The associate Pfaffian yields the 1-form:
Pf1i1i2(GBω) =
[
cos(α)− cos(φi1i2)
sin(φi1i2)
sin(α)
]
ω(i1)13 +
1
sin(φi1i2)
sin(α)ω(i2)13 (79)
whose integral over α ∈ S1 simplifies to∫
α∈S1
Pf1i1i2(GBω)∧dvolα(S1) =
1− cos(φi1i2)
sin(φi1i2)
[
ω(i1)13 +ω
(i2)
13
]
. (80)
Finally, for k = 3 the integral over the curvature form (59) reduces to the area of the
spherical triangle ∆ ⊆ S2∫
G∈S2
Pf0i1i2i3(GBω)∧dvolG(S2) = area(∆ ⊆ S2) = 2pi−φ
i1
i2i3
−φ i2i1i3 −φ
i3
i1i2
(81)
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whose value is determined by the Euler or dihedral angles φ i3i1i2 [11]:
φ i1i2i3 = arccos(Eˆi2 Eˆi3) , Eˆi1 =
eˆ(i2)3 × eˆ(i3)3
|eˆ(i2)3 × eˆ(i3)3 |
. (82)
Comparing these results to the definition (70) and taking into account the permutation
symmetry in the particle indices, we obtain the three weight functions:
wi11 =
1
4pi
det(h(i1))δ (Σi1), w
i1i2
2 =
1
2pi
1− cos(φi1i2)
sin(φi1i2)
[Jh12](i1)δ (Σi1)δ (Σi2)
wi1i2i33 =
1
4pi
(2pi−3φ i1i2i3)Ji1i2i3δ (Σi1)δ (Σi2)δ (Σi3) .
(83)
These agree with the weight function wi1i22 first derived by Wertheim [47,48] and redis-
covered in [7], while wi1i2i33 first occurred in [18].
Next, we will illustrate the application of the derivative and generating function on
the functional restricted to one intersection center Φ |1. It is therefore of type (35), and
the virial series sums up to the generating function in the x-variable (76) of the volume
weight:
Φ |1(Γ˜1,1,ra) =
∫
∑
m=2
1
m(m−1)K(γ
i1...im
a )ρi1 . . .ρim dγi1 . . .dγim
=Da
∫
∑
m=2
1
m(m−1)w
i1
0 (ra) . . .w
im
0 (ra)ρi1 . . .ρim dγi1 . . .dγim
=Da ∑
m=2
1
m(m−1)x
m
a =Da[(1− xa) ln(1− xa)+ xa] .
(84)
Introducing the weight density
nk(ra) =
∫
wi1...ikk (rai1 , . . . ,raik)ρi1(ri1) . . .ρik(rik)dγi1 . . .dγik , (85)
the derivative of the generating function yields the three terms
Φ |1(Γ˜1,1,ra) =−n1 ln(1−n0)+ 12
n2
1−n0 +
1
6
n3
(1−n0)2 (86)
whose structure is well known from the Rosenfeld functional (13). It is well established
that the weight functions (8) derive from a Taylor expansion in the sin and cos terms of
the intersection angles. This has been shown before for n2 in [7,8] and by using differ-
ential forms [17]. For n3, however, we made an inconvenient choice of coordinates for
∆ ∈ S2 and give here a clearer argument. A more detailed discussion that also includes
the zero-dimensional limit will be presented in [19].
Let us introduce the notation eˆi := eˆ
(i)
n for the i= 1,2,3 normal vectors of Σ1, Σ2, Σ3
and ei j := eˆieˆ j for their scalar product. Further assume that the three vectors approxi-
mately set up an orthonormal basis
eˆ1 ≈ eˆ2× eˆ3 . (87)
20 Stephan Korden
The area of the spherical triangle is then ∆ ≈ pi/2 with the Jacobi determinant J123 =
det(eˆ1, eˆ2, eˆ3))≈ 1 and Euler angles φ ki j close to zero. Thus, expanding the argument of
arccos up to 5’th order
z = Eˆ1Eˆ2 = (e23e13− e12)(1+ 12e
2
23)(1+
1
2
e313)+O(e
5
i j) , (88)
yields the small-angle correction of ∆ :
2pi−3arccos(z) = pi
2
+3(z+
1
6
z3)+O(z5)
=
pi
2
−3[e12− e23e13+ 12e12(e223+ e213)+ 16e312]+O(e4i j)
(89)
where only e312 is from order z
3. Rewritten in the weight densities (8), n3 is to first order
in the Euler angle:
n3 =
pi
2
n3σ0−3nσ0n2σ1+3[nσ1nσ2nσ1−nσ1nσ2nσ3]−
1
2
n2σ3nσ0+O(e
4
i jρ
3). (90)
The second term agrees with the Rosenfeld functional, while the prefactor of the third is
4.5 compared to our 3, which is acceptable given that the terms of (13) have been fitted
to numerical data. The fourth term disagrees, but is of lower order. More remarkably,
the prefactor of the first term disagrees also. Choosing a different point of reference for
the Taylor expansion can set the coefficient of the leading term from pi/2 to 0, but never
to 1. Here, Tarazona’s term for the 3-particle intersection is a better approximation
[45], which also includes additional terms from the third order in z. A more detailed
discussion can be found in [19].
Our next example derives the functional for three intersection centers, whose lowest
RH-diagram is Γ˜3,1, which belongs to the class Λ˜1,1. Its intersection diagram is the exact
third virial cluster γ i1i2a γ i2i3b γ
i3i1
c show in Fig. 2b). The next particle added to the triangle
diagram has to overlap with all three intersection centers, as illustrated by the fourth
figure of Fig. 2a) and represented by γ i1i2i4a γ i2i3i4b γ
i3i1i4
c . Adding more particles includes
copies of the last one, corresponding to the intersection pattern
γ i1i2i4...ima γ
i2i3i4...im
b γ
i3i1i4...im
c . (91)
To further simplify the notation, let us define wia := w
i
0(rai) for the volume weight
at intersection center ra and particle position ri. The functional (35) for the 3-center
diagrams then factorizes into weight densities of 2 and 3 centers:
∞
∑
m=3
1
m(m−1)
∫
K(γ i1i2i4...ima γ
i2i3i4...im
b γ
i1i3i4...im
c )ρi1 . . .ρim dγi1 . . .dγim
=DaDbDc
∞
∑
m=3
1
m(m−1)
∫
(wi1a w
i1
c ρi1)(w
i2
a w
i2
b ρi2)(w
i3
b w
i3
c ρi3)
× (wi4a wi4b wi4c ρi4) . . .(wima wimb wimc ρim)dγi1 . . .dγim .
(92)
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Introducing the x-densities of (76) and adding the second virial, we finally arrive at the
functional restricted to three and less intersection centers:
Φ |3(Γ˜1,1,ra,rb,rc) = 12Dax
2
a
+DaDbDc
[xabxbcxac
x3abc
(
(1− xabc) ln(1− xabc)+ xabc− 12x
2
abc
)]
.
(93)
With three intersection centers, it is exact in the second and third virial order, but also
significantly more complex due to additional correlation and autocorrelation functions
such as wi41 (ra)w
i4
1 (rb)w
i4
1 (rc), which have been shown by Wertheim to be nontrivial to
evaluate [48,49,50].
Nevertheless, Lemma 6 is an efficient tool to derive new functionals. To compare
different levels of approximation, let us summarize all cases of up to four intersection
centers. With one center covered by (84), the next level is the 2-center approximation,
beginning with the partially contracted third virial cluster, shown in Fig. 2b). All further
intersection diagrams are then of the form:
γ i1i2i3 i4...ima γ
i2i3 i4...im
b . (94)
The case of three centers has already been covered by (91). This leaves the functional
with four intersection centers of the two RH-classes Γ˜4,1 and Γ˜4,3, while the star-content
of Γ˜4,2 vanishes. The corresponding intersection graphs are:
γ i1i2 i5...ima γ
i2i3 i5...im
b γ
i3i4 i5...im
c γ
i1i4 i5...im
d ei1i3ei2i4
+ γ i1i2a γ
i2i3 i4...im
b γ
i1i3 i4...im
c γ
i2i4...im
d ,
(95)
with the Boltzmann functions ei j included. Determining their generating functions and
adding the lower virial terms, yields the complete list of functionals up to four intersec-
tions
Φ |1 =Da[(1− xa) ln(1− xa)+ xa]
Φ |2 = 12Dax
2
a+
1
2
DaDb
xa+ xb
xab
[
(1− xab) ln(1− xab)+ xab− 12x
2
ab
]
Φ |3 = 12Dax
2
a+DaDbDc
xabxbcxac
x3abc
[
(1− xabc) ln(1− xabc)+ xabc− 12x
2
abc
]
Φ |4 = 12Dax
2
a+
1
6
DaDbDcxabxbcxac (96)
+DaDbDcDd
xacxbcxabd
x4bcd
[
(1− xbcd) ln(1− xbcd)+ xbcd− 12x
2
bcd−
1
6
x3bcd
]
+
1
8
DaDbDcDd
yab|cdyad|bc
(1− xabcd)3 ,
where we replaced xa → (xa + xb)/2 in Φ |2 to satisfy the diagram’s symmetry and
introduced the definition of the Boltzmann weighted density
yab|cd =
∫
(wiaw
i
bρi)(w
j
cw
j
dρ j)ei jdγidγ j . (97)
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The formalism of Lemma 6 is not restricted to the free energy but applies to any
thermodynamic object representable by Mayer or RH-graphs. As a final example, let us
consider the leading order of the pair-correlation function g2. As has been shown for
spheres in [25,27], the dominating RH-graphs are again the fully f-bonded diagrams
with two root points connected by an e-bond. The network with the lowest number of
intersection centers is therefore
γ i1 i3...ima γ
i2 i3...im
b ei1i2 , (98)
whose combinatorial prefactors have been shown in [27] to combine to 1. The sum over
all diagrams then yields g2 approximated by two intersection centers
gi1i2 |2(ra,rb,ri1 ,ri2) =DaDb
ei1i2w
i1
a w
i2
b
1− xab , (99)
without a sum over the particle indices i1, i2.
The derivation of these examples is a result of simple algebra. But the increasing or-
der of n-point densities gives a first impression of the difficulties one will have to over-
come to minimize such functionals. The two centers of Φ |2 define a rotation axis over
which the weight functions can individually be averaged without further constraints.
Significantly more difficulties arise from Φ |3. The three centers form a ring, which
cause the positions and orientations of the particles to couple. Still, the integrals can
be evaluated by Wertheim’s application of the Radon transformation [48]. Finally, Φ |4
contains the elements of RH-class Λ˜4,1, introducing e-bonds and therefore constraints
on the particles not to overlap. This adds a further level of complexity to the model,
which effectively limits the DFT approach to these four functionals.
5. Discussion and Conclusion
The last examples have shown that the construction of a functional for hard particles is
a rather simple task. For a given virial order, one first chooses the intersection network
and derives its generating function in the volume density. In a second step, one derives
the weight functions from the intersection kernel and finally performs the derivatives.
But the non-locality of the problem has not vanished; instead it is hidden in the convo-
lute of the intersection coordinates.
The rapidly increasing complexity with the number of intersection centers effec-
tively imposes an upper bound on the order of the functional to be applied. On the
other hand, the long range ordering of the particles in the high density limit also defines
a lower bound on the number of intersection centers. This is because the minimiza-
tion process cannot produce a particle density with a lower symmetry as the invariance
group of the functional. The underlying intersection network therefore has to be com-
plex enough to reduce the isometric group of the imbedding space to a sufficiently small
subgroup. But here one can be optimistic. The Rosenfeld functional with the highest ro-
tational and translational symmetry already predicts, e.g., the nematic phase. And the
next leading order Φ |2 only depends on 1- and 2-point densities without further geo-
metric constraints due to e-bonds or rings which, e.g., complicates the evaluation ofΦ |4
and Φ |3.
But it might not be even necessary to go beyond the leading order. As the last exam-
ple has already indicated, any correlation function can be approximated by intersection
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diagrams and represented in weight densities. This will be investigated in a forthcom-
ing paper and applied to couple soft interactions to the hard-particle reference fluid. The
soft potential, however, significantly deforms the hard-particle phase structure, so that
a detailed knowledge of the hard-particle phase becomes less important.
For the derivation of the functional we made rather strong assumptions about the
particles’ geometry, demanding their surfaces to be smooth and bounded. Both require-
ments can be weakened. Actually, it is sufficient for the manifolds to be compact, twice
differentiable, and Riemannian or representable by triangulation. And instead of the Eu-
clidean imbedding space it is possible to use complex, projective or hyperbolic spaces,
as long as they have infinite volume. Finite volumes can be constructed from them by
adding external potentials. These spaces and imbeddings are probably of less physical
interest. But it is known from computer simulations that the phase structure of a system
depends sensitively on the geometry. Thus, instead of intrinsic objects, such as Chern
or Chern-Simons classes, it is possible to characterize manifolds by their many-particle
properties. The connection between single- and many-particle properties is the integral
kernel, whose derivation closely parallels that of Chern-Simons forms. The virial coeffi-
cients of the free-energy expansion therefore contain the integral values of these classes,
either obtained by computer simulations, minimizing a functional, or other methods.
This allows to identify the numerical value of any virial order with its respective dif-
ferential forms. Manifolds can then be characterized by these numbers and tested by
mixing them with simpler particles such as spheres of different sizes.
The explicitly known dependence of the non-local functional therefore might pro-
vide a direct view into the thermodynamics of hard particles that is only rivalled by
scalar field theory and the Ising model.
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A. Appendix
The current section completes the proof Lemma 6 that the weight functions (70) are
symmetric in the particles indices and permuted by SO(k) rotations.
For the surfaces Σ1, . . . ,Σk, let us define the k coordinate frames
Σm : (eˆ
(m)
1 , . . . , eˆ
(m)
n−m︸ ︷︷ ︸
tangential
, eˆ(m)n−m+1, . . . , eˆ
(m)
n︸ ︷︷ ︸
normal
) for m = 1, . . . ,k (100)
and the Pfaffian form (68)
Pf(GBω)n−k1...k = det(GBh)1...k
n−k∧
α=1
θ (1)α . (101)
This choice of the vector base defines a specific ordering of the particles’ indices
1, . . . ,k, which can be viewed as a nested intersection of surfaces
(((Σ1∩Σ2)∩Σ3)∩Σ4) . . . , (102)
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with Σ1 as the reference system. It therefore fails the permutation invariance of the
intersection probability. However, not the curvature form but the kinematic measure
(50) has to be SO(n−k)×SO(k) invariant. We therefore have to prove the permutation
symmetry of the integral∫
K(Σ1∩ . . .∩Σk)∧K(D2)∧ . . .∧K(Dk)
=
∫
det(GBh)1...k
n−k∧
α=1
θ (1)α
dvol(SO(n− k))
|SO(n− k)| ∧K(D2)∧ . . .∧K(Dk) .
(103)
Generalizing Chern’s arguments for two intersection surfaces [3,39], the transla-
tional measure of Σ k has been extended by SO(n−k) to the kinematic measure ofRn−k.
This leaves us to rotate the normal vectors eˆ(2)n , . . . , eˆ
(k)
n into the tangential direction of
Σ1. For the nested coordinate frame (102), we can chose the SO(m) transformations of
the “normal” directions to rotate eˆ(m)n into the basis of Σ1 while keeping the vectors of
Σ2, . . . ,Σm−1 fixed:
Σm→ Σ1 : SO(m)/SO(m−1) = Sm−1 . (104)
Introducing the spherical vector (x(m)1 , . . . ,x
(m)
m ) ∈ Sm−1, the normal vector of Σm trans-
forms into the basis of Σ1
eˆ(m)n =
m
∑
p=1
x(m)p eˆ
(1)
n−p+1 for
m
∑
p=1
(x(m)p )2 = 1 (105)
and their dual basis forms
θ (m)n =
m
∑
p=2
x(m)p θ
(1)
n−p+1 = x
(m)
m θ
(1)
n−m+1+O(θ
(1)
α )
for n−m+2≤ α ≤ n−1 .
(106)
Here, the symbol O(θ (1)α ) indicates elements, which drop out when inserted into the
skew symmetric product (103) as they already occur at a lower m. This transforms the
normal directions into the tangential forms of Σ1
θ (2)n ∧ . . .∧θ (k)n = x(2)2 . . .x(k)k θ (1)n−1∧ . . .∧θ (1)n−k+1 , (107)
which are complementary to the already existing elements in (103).
The analogous transformation has to be done for the connection forms. Adopting the
notation of (100), we separate the forms into two groups
Σm : ω
(m)
1,n ∧ . . .∧ω(m)n−m,n︸ ︷︷ ︸
tangential
∧ω(m)n−m+1,n∧ . . .∧ω(m)n−1,n︸ ︷︷ ︸
normal
. (108)
Again, the tangential directions transform by the coset elements of Sm−1
ω(m)α,n = x
(m)
m ω
(1)
α,n−m+1+O(ω
(1)
α,β )
for 1≤ α ≤ n−m , n−m+2≤ β ≤ n−1 ,
(109)
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whose products provide the complementary part to the SO(n− k) form of (103)
k∧
m=2
n−m∧
α=1
ω(m)α,n =
[ k
∏
m=2
(x(m)m )n−m
] k∧
m=2
n−m∧
α=1
ω(1)α,n−m+1 . (110)
On the other hand, the normal components of the connection forms (108) transform
under the adjoint of gαβ ∈ SO(m)
ω(m)α,n = g−1αβ eˆ
(1)
β d(gnγ eˆ
(1)
γ ) = g−1αβdgnβ +O(ω
(1)
βγ )
for n−m+1≤ β < γ ≤ n−1
(111)
with the coset element gnα ∈ SO(m)/SO(m− 1) leaving the normal vectors invariant.
Forming their product, they combine into the group measure of SO(k) modulo further
connections
k∧
m=2
n−1∧
α=n−m+1
ω(m)α,n =
k∧
m=2
[dvol(Sm−1)+O(ω(1)βγ )]
= dvol(SO(k))+O(ω(1)βγ ) .
(112)
Finally, inserting the transformed normal components into the kinematic measure
(103), yields a differential form which is obviously SO(k) invariant∫
K(Σ1∩ . . .∩Σk)∧K(D2)∧ . . .∧K(Dk)
=
∫ det(GBh)
|SO(n− k)|
k
∏
m=2
(
x(m)m
)n−m+1 dvol(SO(k))∧K(Σ1)∧ . . .∧K(Σk) . (113)
The product of x(m)m terms is the Jacobian J of the transformation into spherical coordi-
nates and has the parameterization in terms of SO(m) rotation angles for m = 1, . . . ,k
x(m)m =
m−1
∏
α=1
sin(φα,m) , (114)
proving the invariance of the weight functions (70) under SO(k)-generated permuta-
tions of particles indices and thus of Lemma 6.
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